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GULYAEV-BLEUSTEIN WAVES IN PIEZOELECTRIC MEDIA™
B.A. KUDRYAVTSEV and V.Z. PARTON

A solution is given for the problem of the excitation of Gulyaev-Bleustein
shear surface acoustic waves by two ribbon electrodes of finite length on
the surface of a semi-infinite crystal of hexagonal class 6mm. The
electron charge distribution density functions are determined on the
electrodes as are alsc the shear surface-wave characteristics.

The formulation of the selfconsistent problem of the excitation of
surface waves in a piezoelectric medium by a system of metal electrodes
is elucidated in general form in /1/, and the method of solving it is
based on using Green's matrix for the linear charge on the piezoelectric
surface. By using Green's matrix, Fredholm singular integral equations
cf the first kind were obtained in /2, 3/ for the unknown electric-charge
distribution density functions on the electrodes. The integral Egs./2, 3/
allow of an analytic solution when investigating the excitation of shear
waves in a hexagonal crystal by a system of narrow electrodes.

1. wWe consider an elastic semi-infinite crystal of the hexagonal class 6mm that occupies
the domain y << 0, |z |<C oo (z is the hexagonal axis) (figure). Two metal electrodes of
identical width and infinite length in the direction of the z axis are deposited on the
boundary between the half-space and the vacuum (y = 0), and an alternating voltage oV eiut
is applied thereto. 1In this case pure shear electroelastic waves with just one displacement
component w0 (w = w(z,y),u = 0,v=0) exist within the half-space y << 0.

The equations of state for a 6mm crystal have the form /4/

dw g w 99
Ty = C“E? + elb'_a;"v Tyz == c“E —6y —1-‘ 815—"0!/ (11)
o oG Gw ¢
s —_= —_—— 5 =
Di=eis s TR Dy=es ay g,

(E; = —0¢/ox, E, = —03¢p/dy)

Here c¢;,F is the electric modulus, e;; is the piezoelectric

constant, ¢,5 is the permittivity, and ¢ is the electric field
governing the components of the electric field vector for y<<O0.
Taking (1.1), into account, we obtain the fundamental equations for the amplitude
components of the shear acoustoelectric waves (the time factor ei® is omitted) from the
equations of motion and electrostatics, where %% is the electromechanical coupling coefficient

Viw + kw = 0, V2P = (1.2)
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We have for the vacuum region with permittivity €
Vig, = 0 (1.3)
where g, is the electric potential for y > 0.
Taking account of the symmetry of the electroelastic state, we can represent the solution
of (1.2), (1.3) in the form
wilr, y) =<, Vz,y) =<b,y<0 (1.4)
Go (&, y) =<beD, y >0 (1.5)
Here

e=a(lzy) =A@ VP sinks, b=1b(t, 1, y)=
B (§) etV sin Ez

bo="bo(& 2,9)=Bo@®) e wsinz, (c>= | (& z,y)dE,
[}
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VE—kE>k
PV B, E<k

W<.a tl"len obt‘:ain for the stress T,., the electric potential ¢, andthe component Dy of the
electric induction vector for y <0, as well as for the normal component D,® of the 1nductlon

vector for y > 0

ng_kz_

Tya (2, ) = e (1 + 28T — k) + e, LD (1.6
w(x,y;==;§§»<a>+-<b>
Dy (x,y) = —enSC8, D) (z,y) = e, (kb (1.7

The following boundary conditions must be satisfied on the free surface of the crystal
y=0:

T (2, 0) =0, ¢(2,0) = @ (2, 0), 0L r< oo (1.8)
¢ (2, 0) = @4 (z, )—Vo,a<x<b (1.9
D, (2,0) —D,® (z,0) = 0,0 < 2<< a, 2> b

Substituting the relationships (1.5) and (1.6) into condition (1.8) we obtain

- _ e EB (E)
Ag) Fiw VEen (1.10)

Bo®= B [1— ]

Taking these intc account, we obtain three integral equations in the function B, (§) = B(E) F (§)
from conditions (1.9)

ot38

ok . N
B*(E)[i——ﬁt———k———m}smgzd§=vo, a<z<b (1.11)

—eo(l +Fu) | EB, B)sintedt =0, 0<z<Ca, 23>
0

Here
% — % 1
FE)=1 ey 6'—(?11-;-_1)(_1?%2)’ E“*lTu

The problem therefore reduces to determining the function B, (§) from the solution of

the three integral Eq.{1.1l1l).
We note that the left side of the second equation in (1.11) for a<{z<{ b is the unknown

electric charge density distributicn function g (z) on the electrode, and, therefore by inverting
the eguation

b g(x), e<lx<b,
—alt =i (B @snzea—{'0" (ZTZ0 (1.12)
we obtain
b
g « 2 ¢ .
EB*(§)=—§(%‘)&?‘”, Q&) =--\9(m)sinindy (1.13)

ae

Now using relationships (1.10) and (1.13), we can write the formula for the displacement
and the electric potential in the piezoelectric domain. The integrands in these formulas have
a simple pole £ = Ey = k(1 — 8% on the axis of integration since F (§) =0 for § =%k (1 —
§)¥:. The existence of this pole is due to the fact that acoustoelectric wave damping is not
taken into account in this problem., 1If wave damping is taken into account, we should set
k=Fk — ik (¥ >0)and then {,= £, — ik, (8, > 0). Therefore, by extracting the contribution
from the pole E=21§ the path of integration must be selected so that this pole is bypassed
from above. Performing the necessary calculations, we obtain (the integrals are understocd

in the principal-value sense)

- % VEi-ke y VEI-K3
& Q (EyeY . 87 11Q (Bo) € i sin Lo 114
w{z,y)= P~ §———————F O VE—= sinkx dg — —-—-———————G“F( VR i sin o (1.14)

3 [43=
1 . #2Ee¥ Q (§)sinks
‘P(z,y)=—}o(,+;.u) S[ey— (1+,‘n)1[gz_ka] FE)E &+
_Q%)

— — }’: paarTd .
so(i-f—tu) [e%¥ — (1 + €11) e¥ 1 e isin Eox
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The last components in (1.14) correspond to Gulyaev-Bleustein surface waves are propagate
in the positive and negative directions of the z-axis. In particular, for a surface wave
propagating in the positive z-direction, expressions are obtained from (1.14) for the displace-
ment and electric potential that differ by the factor —,exp [i (ot — E4x)] instead of isin §oz
from the last texrms in (1.14). On the basis of these expressions, we can write formulas for

the stress and electric induction vector components in the surface wave

PN s r 1 I

(w) __ sWelp I \ y Tkt
W =— a1+ ) g e VT (1.15)

ei.v] %ﬁi Filet-1)
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) —iD‘“”:— Ay QEue e

v 2(14Fn) F' (%)

and (1.15) now enable us to determine the flux density vectocr of the
The total
and the

Expressions (l1.14)
energy transportable by the Gulyaev-Bleustein wave from the electrode emitter.,
energy flux density is the sum of the flux densities of the elastic energy P,’
electromagnetic energy P,F (in the quasistatic approximation /1/)

du, aD
Py=P¢@ +PE, Pl=—1y—, PF= a—tk

For monochromatic plane waves (with a time factor o), the quantities P,* and P can

be averaged over the period of the vibrations. Then we find the components P, P, of the
energy flux density vector for a shear surface wave (the asterisk denotes the complex conjugate

quantity)
ﬁx=.—(;—lm[rizw—-—cp*0x], pyz:-—uz)-lm[r:zw— 9*D,] (1.16)

Substituting the amplitude values of the corresponding gquantities from (1.14) and (1.15)
into (1.16), we obtain

D —_M&_ _(;M_ ',F’\"_ 825"!’ 5 __ .
== Beo[F GoF (1 + Eu)t [lfm o e ] py=0 (1.17)

(1.11), which enables us

2. We now turn to the solution of the three integral equations
and the

to determine the electric-charge distribution density function on the electrode g (x)

quantity Q (g in (1.14),; (1.15), and (1.17). We represent the function g{(z)} in the form of

a series (T, (z) are Chebyshev polynomials of the first kind)

oo
q(z)— 280 {1 + F11) Vo rﬂ'aT g z—a 1‘ a<.2:<b 2.4
VvV 2)(z—a) &= " "( b—a )’ (21)
We find from (1.12)
NR ST, P
BB, =—"2 Y an (Tu(2 55 —t)sinbr ot (2.2)
- t—a Vib—z)iz—a)

Introducing a change of variable of intergration in (2.,2) and taking account of the
relationship between Chebyshev polynomials and Bessel functions /5/, we obtain

PR oV FT . /.b-)—a\-/‘,—g\

BBy () =—2V0 ) anSa(E =) Tu(E—57) (2.3)
n=0

Sa(EF2) = — (= ) (= v cos (8 232) o

[1+ (— 1)1 (— 1y 2sin (5 252 )
Now substituting the first equation of (2.3) into (1.11), we make the change of variable

b—
r=2 0 2 0

and we use the expansion
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We consequently obtain an infinite system of algebraic equations to determine the
coefficients g, of the expansion (2.1)

oo

ngoan(“’nm—‘gllaﬁfmn)=—5mo (m=0,1,2...) (2.4
Here
= § T () T (1) S () S () S0 )
0
voamI m N "
——— _.."_____.~.___m — ——
Yrm = H V= k3F () S,,( & )S,,,( @ )dn
b—a 9 g2b—a . on
a=3 by = k2, Fl(q)——1_l/ﬂ’—k1‘

A new variable of integration n = §(b —a)/2 is introduced to transform the integrals
&)nm* ?ﬂm
Since

Sun () =2(—1)"sin L
Szn-1<—:’7>=2(—— 1)"cos—2—— (n=0,1,2,...)

then the values of the following integrals

. a
L om=\ J2n (1) Jom () sin? - =1 (2.6)

oty R

K g
Ly, omny = S Jan-1(0) Jam-1 () cOS? "3‘ "ni

U

N , @
Loy am =\ Jons () Jam (W)sin -cos - S8 (um=0,1,2,...)
[

must be found to evaluate the coefficients of a,,
The integrals (2.6) can be converted to a form convenient for calculations if the Neumann

formula /5/ is used

a2

In(M)Im(n) = —?L— 5 Jnm (21 cos B) cos (n —m) 6 d6

0

as well as values of the discontinuous integrals

# lsin

wJu (a,’]) ;0; bY] dn ak cf)S WP- (b Vbz az)-“ (b>ll)
N
[}

In particular, for n4 m>0

r(v/'z
In om= % 5 cos(2n — 2m) 6 S Jansam (21 cos 0) s.m2 d9
( 1)n4m+l n+2m n:2 2 cos 0 n-2m de
g | cosl2n—2m)0) (57 *
[\]
1/(8n), n=m
{ 0, nsk=m

B(O)—l—}-V 1— a?cos? 0)

Transforming the other integrals of (2.6) in an analogous manner, we obtain

& __ 4\n+m _n+ il -
wm=—%"——(—1(37#—:— S cos(n—m)B x (2.7
[}
cos § \n+m
()"0 im0
R/
00 = — S InB(8)de -+ 2In-2 (2.8)

0

We note that for narrow electrodes (a <€ 1) it follows from (2.7) and (2.8) that
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oo = 2ln (4/), Opp = Byp/n (n + m > 0)
In evaluating the integrals (2.7) it must be taken into account that the integrand has a
simple pole at the point 1Mo = k/Y1—8. Bypassing this pole from above, we cbtain (the second
integral is understood in the principal-value sense)

'S l}j (’ﬂ)_J (j){m Sn(%)Sm (%—)dn-[— (2.9)
J

S VI =k — 0 a
%

) 7, (m)
Jlat s ()52 )an -
ind Yo
T I (00) T (10) S () Sim (2

For piezoelectric materials of the hexagonal class 6mm the permittivity e,S is
considerably greater than g, consequently, the parameter § is small, and therefore, (2.10)
can be used to evaluate the coefficients Yum,

(2.10)

’ 3 ”
Vnm nm — ¥nm
2

=9
Yam= § Tl ch E) T (ks ch §) S, (b §) S (-2 chE) db
0
=ﬂ3 Jn(kysin @) Jp, (k1 sing) S, (—sm(p)S <%sincp)dcp
0

(the change in the variable of integration m =k, ch & n =k, sing) was made).

Therefore, the solution of the problem is reduced to an infinite system of linear algebraic
equations (2.4). The fundamental parameter @ (&), governing the Gulyaev-Bleustein surface-
wave characteristic, is here expressed in terms cf the solution of this system by means of the

formula

- - k L
— 2 (1 +E VZaJ( L) S () ,
Q (%) o(1+ &) 011=o W\ YT M\ ey T8 (2.11)
An an illustration, an electronic computer claculation of the guantity '(_)= 103Q (5,)/(2e0(t +
¥1) Vo) was performed for the piezoelectric material CdS with the characteristics /4/ ¢,= —0.21

C/m2, g8 =8.10"1 F/m, coE=149-109 N/m2, »*=0037, 6= 3.57-10°%

Values of § calculated for certain values of k, and « are represented below, after
truncating the infinite system of algebraic Egs.(2.4) and replacing it by a system of four
equations

a 0.2 0.4 0.6 0.8
T (=2  23.2-0.729 106—4.16i —89.5+5.671  —256 1 10.8
T =4 123—2.13i  —94.3-1.25 75.9 - 0.109% 97.4—1.47i

A numerical analysis on a computer showed that when the number of equations increased
above four, the refinement in the values of ¢ was negligible.

The authors are grateful to G.P. Nikishkov for performing the computations.
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